In this paper we use symmetry of Single Walled Carbon Nanotubes (SWCNTs) to generate some types of virtual sub-bands that are lower in number than the real sub-bands obtained through conventional -TB. It is shown that the virtual sub-bands maintain the value of band gap. In obtaining the sub bands, the interactions of the nearest and the second and third-nearest neighbors are taken into account. As the consequence of lower number of sub-bands, a significant reduction in computational effort has occurred and made the approach useful.
Introduction
Since 1991, the date of carbon nanotube invention [1] , practical and theoretical researches on its physical properties and electronic behavior have been investigated extensively [2] [3] [4] [5] . For the first time, the electronic band structure of SWCNTs is investigated using Tight-Binding (TB) approximation by Saito et al. [6] , where the interactions of the second and the third-nearest neighbors were not included. Next, these interactions are considered by Reich et al. [7] and more accurate results (e.g. a correlation better than 4 meV with ab initio) are observed. In the original energy formulae used by either Saito or Reich each specific sub-band is corresponding to one sub-band index. In order to determine the band gap of the structure, * E-mail: pakkhesal_mahdi@yahoo.com we need to know which sub-band places at the bottom of the conduction band and which one is at the top of the valence band. To do this, either trial and error method or plotting method is used, but both are time consuming. It is noticeable that in most of the cases, we have more than 100 non-degenerate sub-bands in either conduction band or valence band, especially in large diameter SWCNTs this number grows to more than 300 sub-bands in each band. On the other hand, if one tries to calculate numerically the sub-band index which corresponds to the lowest sub-band in the conduction band and the highest one in the valence band, then a very complicated dispersion relation, especially in the case of including third nearest neighbors, makes the task almost impossible. Instead of finding the specified sub-band index corresponding to the band gap, we used symmetries to generate virtual subbands which are considerably lower in number, while giving the value of the band gap precisely. In most of the cases, especially for large diameter SWCNTs, the com-putational efforts needed to calculate the band gap are reduced. A graphene sheet with its unit vectors a 1 , a 2 and the chiral vector B, usually given as B = a 1 + a 2 , is shown in Fig. 1 , where and are two integers. SWCNT can be considered as graphene sheet that is rolled-over into a cylinder so that the beginning and the end of a chiral vector B join together [8] .
Here
where − is the carbon bonding average distance and is equal to 0.142 nm. It is clear that by proper selection of m and n a required helical angle of SWCNT can be implemented. Thus, by rolling the sheet, we have a cylinder of radius Figure 2 . Illustration of symmetry based coordinate system with the axes along H and B. It can be seen that, there is a periodicity along the B vector, as a result of rotational symmetry and there is periodicity along the H vector as a result of helical symmetry. R(l) is the position vector on the surface of nanotube.
The values of R and the helical angle θ can be expressed as [9] : 
Symmetry and geometrical considerations
In this section we investigate symmetries in SWCNT structure. There are three types of symmetries in the structure of SWCNT which are called "Rotational Symmetry", "Helical Symmetry", and "Translational Symmetry" [10] . Considering a specified point on the surface of a nanotube, and rotating this point on the surface by an angle of 2π/N, one can obtain a similar point on the surface of the nanotube if N = GCD( , ), where GCD stands for Greatest Common Divisor. So, a "Rotational symmetry" of 2π/N is observed in azimuthal direction. Now, we define screw operation which is namely a rotation of "α" radians followed by a translation of " " units along the nanotube's axis. If one carries out a screw operation on a specified point on the surface of nanotube, by α = 2π H • B B 2 radians and =
|H × B|
B units, where B = |B|, then a similar point will be reached. Thus, this is a symmetry operation and is called "Helical symmetry". Here, the H vector can be given as:
where 1 and 2 are two integers and are found such that [10] :
Note that 1 and 2 are not unique; so we use the plus sign in (4) and only those 1 and 2 that firstly, having 1 ≥0 and secondly |H| has its minimum magnitude. Another type of symmetry is observed in the translational direction, namely along the axis of SWCNT. Simply, it means that if a move from a point on the nanotube's surface along the T vector as:
then, a similar point on the nanotube's surface is reached. It is apparent that the movement is along the axis of the nanotube, so T•B = 0. As an example supposing B = (6,5), then from (3): H = (1,1) and from (5): T = (-16,17) . We need to express the position vector in the symmetry based coordinate system. For the sake of simplicity, we first treat the problem on the surface of graphene sheet and then we use the result for SWCNT. Now, consider a position vector R(l) on the surface of the nanotube from the origin to an arbitrary unit cell, as shown in Fig. 2 . Here, l = 1 a 1 + 2 a 2 is the index of the atomic pair (unit cell of graphene), where 1 and 2 are integers. If R(l) is written in symmetry based coordinate system, namely in terms of H and B vectors, it must be in the form of
where R B and R H are two coefficients that have to be determined. From the rotational symmetry point of view, it is clear that there is a periodicity of 2π/N radians on the circumference of the SWCNT, which is the periodicity along the B vector. From the helical symmetry point of view, there is also a periodicity along the H vector which means that if movement vector is a multiple of the H vector then similar points are addressed. Note that this periodicity appears in the helical direction on the surface of the nanotube. From Fig. 2 it is easily concluded that:
The tight binding approximation
The electronic band diagram of a periodic structure is usually obtained by solving the one electron Schrödinger's equation:
where is the mass of electron, r is the appropriate position vector, V (r) is the effective periodic potential, ψ (r) and E are the one electron wave function and energy depending on the wave vector k, respectively. This equation can be solved by representing ψ (r) as a linear combination of the basis functions φ (r) [11] :
Let us denote by χ (R(l)-r) the r atomic orbital centered at an atom which is at the position vector R(l) within the l (l = ( 1 2 )) unit cell. Bloch's condition for the basis functions φ is satisfied by the following linear combination of χ 's :
where N is the number of unit cells in the system. Illustrated in Fig. 3 is a comparison between the nearest neighbors and the third-nearest neighbors. The inner most circle passing through the atoms 11, 12, 13 is showing the nearest neighbors. The second circle passing through the atoms 21, 22, …, 26 is showing the second-nearest neighbors and the outer most circle passing through the atoms 31, 32 and 33 is showing the thirdnearest neighbors. We should note that the absolute distance between the second and the third-nearest neighbor atoms is small in comparison with their distance from the nearest neighbor atoms. So, it is plausible to take into account the interactions between the third nearest neighbor atoms and the other two neighbor atoms as done by Reich et al. [7] . If we denote the two dimensional wave vector of graphene by k, then multiplying both sides of (7) by k we obtain a relationship as:
from Born-von-Karman boundary condition that k•B = 2π . At this point, the above equation can be expressed as:
where κ = k • H and shows the index of the corresponding sub-band. Now, using (11) in conjunction with (10), we can write:
We used π-TB model in our calculations which means only the 2P orbital is included. This has enough precision for large diameter SWCNTs [6] , because the three electrons forming co-planar bonds do not take part in conductivity [12] . Here is a row matrix with two basis functions for the two 2P orbitals (χ matrix), centered at the two lattice sites, A and B. At this point, we have a set of basis functions in (12) to be used in equation (9) . For the case of nearest neighbor orthogonal π-TB, the matrix elements of the tight-binding Hamiltonian between the nearest neighbors vanish. Thus, the corresponding 2×2 matrix is readily diagonalized to yield the energy E (κ) of the sub-band q as:
where V π = -2.97 and is the index of the sub-band and 0< κ < π. Now, based on symmetry adaptation we are going to follow the third-nearest neighbor TB model thoroughly. Substituting (12) into (9), and additionally taking into account the interactions of second and third-nearest neighbors, and diagonalizing the resultant tight-binding Hamiltonian matrix results in the energy equations as:
where
In the above equations, (κ), (κ) and (κ) are derived as follows:
(κ) = 2 cos 
Application and results
Based on the equations derived in the previous section, the energy band diagrams for a SWCNT are calculated and plotted in Fig. 4 in which is the dimensionless wave vector taken along T vector and κ is the dimensionless wave vector taken along H vector. The energy band gaps are obtained by using two methods of tight binding approximations: i) non-symmetry based and ii) symmetry based. The results for the nearest and the third nearest neighbor can be compared in Fig. 4. Figs. 4 (a) and (c) show the band structure obtained using the conventional nearest neighbor and third nearest neighbor tight binding approximations, respectively. Fig. 4 (b) and (d) are virtual sub-bands and have no physical meaning, they are generated only for mathematical purposes. This is because the new dimensionless wave vector κ is taken along H vector (κ=k•H). It is obvious that the electronic transport is along the nanotube's axis, that is, in the direction of T vector [15] and it is not along H vector. On the other hand, is along the axis of the nanotube and also in the direction of the applied field ( =k•T). Thus, the sub-bands which are plotted versus have the physical meaning. As can be seen in Figs. 4 (b) , (d) for the case of (6,5) chiral vector, all virtual sub-bands in the conduction and valence bands are degenerate and only one sub-band in the conduction band and only one in the valence band remain. This is because we need to solve Born-von Karman boundary condition in conjunction with another dimensionless wave vector "ν" defined as ν=k•V, which is to be used in deriving the energy equation. Here, V is an undetermined vector in the form of V= 1 a 1 + 2 a 2 where 1 and 2 are two integers that must be determined.
In our treatment, we encounter a factor of 1 2 − 2 1 which determines the number of non-degenerate subbands. Mathematically, it can be shown that the minimum value of 1 2 − 2 1 is equal to N = GCD( 1 , 2 ) [15] . Therefore, V must be equal to H, because 1 and 2 are determined from (4), which are equal to 1 and 2 , respectively. Note that, if V is taken equal to T, which represents the translational symmetry along the nanotube's axis and also the direction of applied field, then 1 2 − 2 1 is equal to N = 2 2 + 2 + GCD(2 + 2 + ) which shows the number of non-degenerate subbands in the conventional TB method of the energy calculation. Although in the symmetry-based approach almost all the energy sub-bands are degenerate, the band gaps have maintained their values, such that in Fig. 4 (a) and (b) the band gaps have exactly the same value of 944 meV. Also in Figs. 4 (c) and (d) , the band gaps have exactly the same value of 1124 meV (see appendix for justification of this statement). Therefore, by the symmetry-based approach for the case of (6,5) chiral vector, only one energy sub-band is calculated and plotted to obtain the final result. In fact, it can be said that for a chiral vector of ( ), we have N = GCD( ) non-degenerate sub-band(s) in each of the conduction and valence bands
which is in the case of non-symmetry based energy formula [15] . For example, in the case of (6,5) chiral vector, N is equal to one while Nhex = 182. Therefore, by the symmetry based approach only one sub-band in the conduction band and only one in the valence band remain to be calculated. For better understanding, two more examples are illustrated in Fig. 5 . Fig. 5 (a) shows an example in which N = GCD(18,16) = 2 and therefore, two sub-bands appear in the conduction band and two in the valence band. For this case Nhex = 868. The other example is given in Fig. 5  (b) . In this figure, N = GCD(16,12) = 4 and Nhex = 96. Thus, we have four sub-bands in the conduction band and four in the valence band. In both of Figs. 5 (a) and (b), the band gaps are again obtained by considering the point of minimum value in the conduction band and the point of maximum value in the valence band. It can easily be shown that in armchair (B = ( , )) and zigzag (B = ( ,0)) SWCNTs, the number of virtual sub-bands are equal to half of the number of real sub-bands. However, in the other cases N/Nhex is usually very small, especially for large radius SWCNT. This is a very desirable situation when we are considering only the electronic band gaps of large diameter SWCNTs, in which a large number of non-degenerate energy states occur. The method yields a great value of time saving if one can analytically find the global minimum in the conduction band and the global maximum in the valence band. Since this is nearly impossible due to complicated formulae of energy given in (13) and (14), we find the global minimum or maximum using numerical methods, where the time saving depends on the numerical method. We consider the time saving ratio of N/Nhex as an upper limit in our method. Reduction in the number of sub-bands by the symmetry based approach happens because the phases of cosine terms in u and v functions (in (21) and (22)) contain a factor of /N. A similar sit- uation is also true in (13) in which we have the phase of cosine terms containing 2π multiplied by a factor of /N. We have calculated the energy gaps of a number of single walled carbon nanotubes with different chiral vectors using both symmetry based and non-symmetry based with either nearest neighbor TB or third-nearest neighbor TB. We observed that the values of band gaps calculated using symmetry based and non-symmetry based counterparts are exactly equal. We have compared the SWCNTs in pairs with the same radius (R) but different chiral angles (θ) in Table 1 . In this Table, R is the radius, θ is the chiral angle, ∆θ is the changes in chiral angles of a pair of nanotubes having equal radii, G_O is the energy gap and |∆G|_O is the change in the energy gaps of a pair of nanotubes having equal radii calculated using the nearest neighbor TB. G_3NO is the energy gap and |∆G|_3NO is the change in the energy gaps of a pair of nanotubes having equal radii calculated using the thirdnearest neighbor TB. As can be seen from the Table, we have different choices of energy gaps depending on the radius and chiral angle. It can be seen, when we change radius of SWCNT we experience a considerable change in the gap. The band gap is approximately inversely proportional to the radius of SWCNT. The variation of the band gap versus radius of the SWCNT are calculated using the nearest neighbor and third-nearest neighbor tight binding approximation, where the results are illustrated in Fig. 6 . This confirms the previous results reported by the other authors [8, 10] . From Table 1 , a difference can be seen between the results obtained using the nearest neighbor and the third-nearest neighbor TB methods. The reason for this difference is that the results of thirdnearest neighbor TB are in a better correlation with the results of ab initio than those of the nearest neighbor TB, as discussed in [7] . As can clearly be seen from Figs. 6 (a) and 6 (b) and Table 1 , at the same radius, a change in the chiral angle has insignificant effect on the energy gap, it does not matter if it is calculated using either the nearest neighbor or the third-nearest neighbor TB. However, not zero but a deviation of about 3 to 7% of total amount of the gap is observed.
Conclusion
In this paper we described the symmetries in SWCNT structure, and then we applied these symmetries to the third-nearest neighbor tight-binding approximation of the energy formulae. In most cases, this approach of TB reduces the amount of computations and the mathematical efforts needed to work out the energy band gaps significantly. This is done by generating the virtual sub-bands which are considerably lower in number than the number of the real sub-bands, while resulting in the exact amount of the band gap. Finally, we used this approach to compare the effects of the radius and chiral angle on the energy gaps of SWCNTs. energy for graphene at k = 1 k 1 + 2 k 2 (plus sign represents the function at the conduction band and the minus sign represents the function at the valence band). As the first task, it is necessary to show that there is a one to one correspondence between space and κ space which are both pointing to the same k in the Brillouin zone of graphene, e. g. the band gap point. In order to determine the allowed wave vectors, we solve the equation of dimensionless wave vector = k•T or κ = k•H in conjunction with Born von-Karman boundary condition i.e. k•B = 2π . So, using T 
Considering that represents the index of the lowest sub-band in the conduction band and the highest one in the valence band at = 0:
Next, solving (23) and (24) for 2 :
or:
At = 0 and for = :
On the other hand, we treat the other dimensionless wave vector κ by the same action as below: 
The pair, (26) and (29), can be used in tight-binding equations for graphene to get the energy formula for the band structure of SWCNT. On the other hand, the pair, (34) and (37), can be used to get the virtual sub-bands for the band structure of SWCNT. It is also clear that solving (26) in conjunction with (34) or equally (29) in conjunction with (37), we have:
Especially at the band gap: 
From (26) and (29) we have:
